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Preamble – The While Language
Before we begin the exercises, let us recap the definition of the While language
as presented during lectures.

Syntax. Figure 1 gives the syntax of the While language.

e ::= Expressions
| v integer or Boolean constant
| x variable
| e ⊕ e binary operator (+, <, . . . )
| (e, e) pair construction
| fst e first projection
| snd e second projection

s ::= Statements
| x:=e assignment
| if (e) s else s conditional
| while (e) s loop
| s; s sequence
| skip do nothing
| repeat s until e repeat loop

v ::= Values
| n integer value
| b Boolean value
| (v, v) pair value

Figure 1: Syntax of the While language.
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Operational Semantics. As in the lectures, we define the big steps opera-
tional semantics for our While language, using environments (functions from
variables to values) which we denote by σ. For instance, σ = {a 7→ 34, b 7→ 55}
is an environment that maps 34 to the variable a and 55 to the variable b. We
denote by σ{x 7→ v} the environment in which the value for x has been set to v.
We then state the big step operational semantics of While by defining two rela-
tions σ, e ⇓ v and σ, s ⇓ σ that read respectively “in environment σ, expression
e has value v” and “in environment σ, the evaluation of statement s terminates
and leads to environment σ ′”. Figure 2 defines the operational semantics of the
While language, via inference rules (as explained in the course).

σ, n ⇓ n σ, b ⇓ b

x ∈ dom(σ)
σ, x ⇓ σ(x)

σ, e1 ⇓ n1 σ, e2 ⇓ n2 n
def
= n1 ⊕ n2 ⊕ ∈ {+,−, ∗, . . .}

σ, e1 ⊕ e2 ⇓ n

σ, e1 ⇓ b1 σ, e2 ⇓ b2 b
def
= b1 ⊕ b2 ⊕ ∈ {<, . . .}

σ, e1 ⊕ e2 ⇓ b

σ, e1 ⇓ v1 σ, e2 ⇓ v2

σ, (e1, e2) ⇓ (v1, v2)

σ, e ⇓ (v1, v2)

σ, fst e ⇓ v1

σ, e ⇓ (v1, v2)

σ, snd e ⇓ v2

Semantics for expressions

σ, skip ⇓ σ

σ, s1 ⇓ σ1 σ1, s2 ⇓ σ2

σ, s1; s2 ⇓ σ2

σ, e ⇓ v

σ, x:=e ⇓ σ{x 7→ v}

σ, e ⇓ true σ, s1 ⇓ σ1

σ, if (e) s1 else s2 ⇓ σ1

σ, e ⇓ false σ, s2 ⇓ σ2

σ, if (e) s1 else s2 ⇓ σ2

σ, e ⇓ true σ, s ⇓ σ1 σ1, while (e) s ⇓ σ2

σ, while (e) s ⇓ σ2

σ, e ⇓ false
σ, while (e) s ⇓ σ

σ, s ⇓ σ ′′ σ ′, e ⇓ false σ ′′, repeat s until e ⇓ σ ′

σ, repeat s until e ⇓ σ ′

σ, s ⇓ σ ′ σ ′, e ⇓ true
σ, repeat s until e ⇓ σ ′

Semantics for statements

Figure 2: Big-step operational semantics of the While language.
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1 Typing
We now consider typing of the language While from the previous part. To this
end we extend types with pair type τ × τ:

τ ::= type
| int type of integer values
| bool type of Boolean values
| ref τ type of variables
| (τ × τ) pair type

The Figure 3 below gives the typing rules for expressions and statements of
While, except for the rules for pairs and new loop constructions that are miss-
ing:

Γ ⊢ n : int Γ ⊢ b : bool
x ∈ dom(Γ)

Γ ⊢ x : Γ(x)

Γ ⊢ e1 : int Γ ⊢ e2 : int
Γ ⊢ e1 + e2 : int

Γ ⊢ e1 : int Γ ⊢ e2 : int
Γ ⊢ e1 < e2 : bool

Γ ⊢ e1 : τ Γ ⊢ e2 : τ

Γ ⊢ e1 = e2 : bool

Typing for the While expressions (except for the pair constructions).

Γ ⊢ skip
Γ ⊢ s1 Γ ⊢ s2

Γ ⊢ s1; s2

Γ ⊢ x : ref τ Γ ⊢ e : τ

Γ ⊢ x:=e

Γ ⊢ e : bool Γ ⊢ s1 Γ ⊢ s2

Γ ⊢ if (e) s1 else s2

Γ ⊢ e : bool Γ ⊢ s

Γ ⊢ while (e) s

Typing for the While statements (except for new loop constructions).

Figure 3: Static typing for the While language.

Exercise 1. Complete the typing for expressions by defining the typing rules
for each of the pair (e1, e2), fst e and snd e expressions.

Exercise 2. Consider the program

if (fst x > 0) x:=(snd x, fst x+ snd x) else x:=0

Explain why this program is rejected by the static type system of While.

Exercise 3. Define the typing rule for the repeat loop repeat s until e.
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